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First, we develop the counting rule for Nambu-Goldstone bosons to the system including two-time
derivative terms. In this case, the type-II Nambu-Goldstone bosons may appear along with the
massive Nambu-Goldstone ones. The number of the bosons is not reduced in contrast to the system
without two-time derivative terms. We also investigate the reduction of the degrees of freedom from
the perspective of the Dirac-Bergmann theory of constraints and reproduce the counting rule for
Nambu-Goldstone bosons without Lorentz invariance. Then, we construct the generic Higgs model
and study a Higgs phenomenon with these Nambu-Goldstone bosons on the basis of the Dirac-
Bergmann theory. We show that the gauge fields in this system absorb all of the Nambu-Goldstone
bosons such as the type-I, type-II and massive ones.
PACS numbers: 11.10.Ef, 11.15.Ex, 11.30.Qc, 12.39.Fe, 14.80.Fd, 14.80.Va
I. INTRODUCTION
Spontaneous symmetry breaking and the Higgs mech-
anism are well-known phenomena in a wide area ranging
from the particle physics to condensed matter physics [1–
3]. Through Spontaneous symmetry breaking, Nambu-
Goldstone bosons appear in both Lorentz invariant and
noninvariant systems. In the Lorentz invariant case, the
dispersion of Nambu-Goldstone bosons is always linear
and the number of Nambu-Goldstone bosons coincides
with that of the generators of the broken symmetries,
while in the noninvariant case, the dispersion of Nambu-
Goldstone bosons may be nonlinear and the number of
Nambu-Goldstone bosons does not alway coincide with
that of the broken symmetries. [4–8]
Nielsen and Chadha performed the classification of
these Nambu-Goldstone bosons into type-I and type-II
Nambu-Goldstone bosons whose dispersions are charac-
terized by odd and even powers of the momentum, re-
spectively and showed an inequality for the relation be-
tween these bosons [4]. Recently a general counting rule
for these bosons has been given based on Mori’s projec-
tion operator method by Hidaka [5] and Leutwyler’s effec-
tive Lagrangian by Watanabe and Murayama [6, 7]. Fur-
thermore, in addition to these Nambu-Goldstone bosons,
the appearance of massive Nambu-Goldstone bosons
whose dispersion is finite at zero momentum is reported
in Refs. [5, 9–13]. The relation between the presence
of two-time derivative terms in the effective Lagrangian
and massive Nambu-Goldstone bosons was pointed out
by Kapustin [9].
Meanwhile, to our knowledge, the Higgs phenomenon
with these Nambu-Goldstone bosons has not been dis-
cussed generally except for some model analysis [12, 13].
From the theoretical viewpoint, the number of “eaten”
degrees of freedom by the gauge fields is of interest.
Whether the degrees of freedom correspond to the num-
ber of Nambu-Goldstone bosons or broken symmetries in
the non-Lorentz invariant systems is not clear in contrast
to the Lorentz invariant systems.
One of the situations of the Higgs phenomenon with-
out Lorentz invariance is the SU(2) Higgs-Kibble model
with finite chemical potential. In this model, the Higgs
phenomenon with type-I, type-II and massive Nambu-
Goldstone bosons occurs [12, 13]. In addition, another
nonrelativistic Higgs-phenomenon with these Nambu-
Goldstone bosons may also appear in the context of ul-
tracold atoms [14].
In Sec. II, we start from the effective Lagrangian ap-
proach keeping two-time derivative terms and develop
a general counting rule for type-I, type-II and massive
Nambu-Goldstone bosons. In Sec.III we identify the
physical degrees of freedom for this system including two-
time derivative terms based on the Dirac-Bergmann the-
ory for constraints. Then, in Sec.IV, we study the Higgs
phenomenon without Lorentz invariance and clarify the
number of absorbed physical degrees of freedom by the
gauge fields. Finally, we show some examples about the
Higgs model without Lorentz invariance in Sec.V.
II. COUNTING RULE FOR TYPE-I, TYPE-II
AND MASSIVE NAMBU-GOLDSTONE BOSONS
First, we extend a counting rule for type-I and type-II
Nambu-Goldstone bosons in Ref. [6] to the case includ-
ing the term with two-time derivatives in the effective
Lagrangian without Lorentz invariance [9]. We also dis-
cuss the influence of two-time derivative terms on the
dispersion of these Nambu-Goldstone bosons. The non-
relativistic effective Lagrangian based on Spontaneous
symmetry breaking G→ H is given by
Lpi = ca(π)π˙
a +
1
2
g¯ab(π)π˙
aπ˙b −
1
2
gab(π)∂rπ
a∂rπ
b
= ∂acb|pi=0π
aπ˙b +
1
2
g¯ab(0)π˙
aπ˙b −
1
2
gab(0)∂rπ
a∂rπ
b
+O(π3) (1)
2with πa (a = 1, ..., dimG/H) pion fields, ∂a ≡ ∂/∂π
a
the derivative with respect to the pion fields and r the
spatial directions [7]. Here we do not assume that g¯ab(0)
is regular in contrast to Ref. [9].
The infinitesimal transformation of pion fields is
given by δπa = ǫihai (π) (i = 1, ..., dimG) and the
relations between the coefficients of derivative terms,
ca(π), g¯ab(π), gab(π), and h
a
i (π) are obtained in Refs.
[7, 15]. Note that the pion fields can be chosen to trans-
form linearly under the unbroken symmetry H and thus
hai (0) = 0 for the indices of the unbroken symmetry.
gab(π) corresponds to a metric and one of the coefficients
hai(π) in a gauged system discussed later is expressed by
hai(π) = gab (π)h
b
i (π). Following Leutwyler’s notation,
we use i, j, k... = 1, ...dimG and a, b, c, ... = 1, ...dimG/H
[7, 15].
The first term in Eq.(1) is related to the commutation
relations between conserved charges,
ρij ≡ −i lim
Ω→∞
1
Ω
〈0|[Qi, Qj ]|0〉 (2)
with Qi the Noether charge and Ω the spatial volume of
the system [6],
hai h
b
j (∂bca − ∂acb) |pi=0 = ρij . (3)
By neglecting the total derivative terms and changing
the pion fields into π˜a ≡ πb
(
h−1
)a
b
, the Lagrangian is
reduced to
Lpi =
1
2
ρab ˙˜π
aπ˜b −
1
2
˜¯gab(0)π˜
a ¨˜πb +
1
2
g˜ab(0)π˜
a∂2r π˜
b +O(π˜3),
(4)
where ˜¯gab(0) and g˜ab(0) are defined as
˜¯gab(0) = g¯(0)cdh(0)
c
ah(0)
d
b ,
g˜ab(0) = g(0)cdh(0)
c
ah(0)
d
b . (5)
In the relativistic case, ˜¯gab(0) = g˜ab(0) is diagonal and
connected to the pion decay constants, g˜ab(0) = δabF
2
a
[15]. In the nonrelativistic case, two kinds of the pion
decay constants, Fa and F¯a appear, corresponding to the
time and spatial components. By analogy with the rela-
tivistic case, ˜¯gab(0) and g˜ab(0) are expected to be related
to these pion decay constants as follows:
˜¯gab(0) = δabF¯
2
a ,
g˜ab(0) = δabF
2
a , (6)
where the summation for a is not taken. Whether pion
decay constants are degenerate or not depends on the
structure of G and H . The number of undegenerate pion
decay constants corresponds to that of representations of
G/H transforming under H irreducibly.
Note that we assume rankg(0) = dimG/H , because if
rankg(0) < dimG/H , some pion fields without quadratic
spatial derivative terms appear in the terms only up to
O(π2) . On the other hand, rankg¯(0) ≤ G/H may occur,
corresponding to the case with F¯ 2a = 0 for some a.
Next we perform the transformation which reduces ρab
to the block diagonal form by an orthogonal matrix.
The block diagonal form is composed of three sectors
classified by time derivatives. The one characterized by
uˆα (α = 1, . . . , p) includes one- and two-time derivatives,
the one characterized by vˆβ (β = 1, . . . , q) just one-time
derivative and the one characterized by wγ (γ = 1, . . . , s)
just two-time derivatives as follows:
Lpi =
1
2
π˜′†Aπ˜′, (7)
A =


uˆ1
. . .
uˆp
vˆ1
. . .
vˆq
w1
. . .
ws


, (8)
uˆα =
(
−F¯ 2α(1)∂
2
0 + F
2
α(1)
∂2r −θα∂0
θα∂0 −F¯
2
α(2)
∂20 + F
2
α(2)
∂2r
)
,
vˆβ =
(
F 2β(1)∂
2
r −θp+β∂0
θp+β∂0 F
2
β(2)
∂2r
)
,
wγ = −F¯
2
2p+2q+γ∂
2
0 + F
2
2p+2q+γ∂
2
r , (9)
where we assume that F¯ 22p+1 = ... = F¯
2
2p+2q = 0 in order
to consider the case of rank˜¯g(0) < G/H . θα and θp+β
are real components for the block diagonal form of ρab.
Notations in Eqs.(8) and (9) are given as follows: α(1) =
2α − 1, α(2) = 2α, β(1) = 2p + 2β − 1 and β(2) = 2p +
2β denote the indices in each uˆα and vˆβ sector. 2p =
rank˜¯g(0) + rankρ − dimG/H , 2q = dimG/H − rank˜¯g(0)
and s = dimG/H−rankρ and thus 2p+2q+s = dimG/H
is satisfied.
Due to this block diagonal form of the matrix A, each
of these sectors leads to the dispersion relations:
Euα =
{ Fα(1)Fα(2)
θα
p2 +O(p4)
1
F¯α(1) F¯α(2)
θα +
F 2α(1)
F¯ 2α(2)
+F¯ 2α(1)
F 2α(2)
2θαF¯α(1) F¯α(2)
p2 +O(p4),
Evβ =
Fβ(1)Fβ(2)
θβ
p2,
Ewγ =
F2p+q+γ
F¯2p+q+γ
p. (10)
We find that type-II and massive Nambu-Goldstone
modes appear in the sector of uˆα, while only type-II
Nambu-Goldstone modes appear in the sector of vˆβ cor-
responding to the one reported in Ref. [6]. The wγ sector
gives type-I Nambu-Goldstone modes.
3In vˆβ sector, each pion field connected with one time
derivative is regarded as canonical variables. Thus the
physical degrees of freedom in this sector are halved and
q type-II Nambu-Goldstone modes are realized as clari-
fied later with the Dirac-Bergmann theory. On the other
hand, in uˆα sector, the type-II modes are accompanied
by massive modes and the degrees of freedom are not
reduced in general.
Now let us discuss the relation between the uˆα and
vˆβ sectors. Here, for simplicity we assume that each of
time- and spatial- pion decay constants do not depend
on the group index in the sector of uˆα, F¯ and F . By
using Eqs.(4) and (6), the two-time derivative terms are
neglected in the region of E ≪
(
F/F¯
)
p. In this region,
type-II modes are always found, while massive Nambu-
Goldstone modes are not found and the physical degrees
of freedom are halved effectively, which corresponds to
the case analyzed by Hidaka and Watanabe and Mu-
rayama [5, 6].
From Eq.(10), we summarize a counting rule for type-I,
type-II and massive Nambu-Goldstone modes:
type− I : dimG/H − rankρ ≡ NI, (11)
type− II :
1
2
rankρ ≡ NII, (12)
massive :
1
2
(rankg¯ + rankρ− dimG/H) , (13)
where g¯(0) is defined in Eq. (1) and we used rankg¯ ≡
rankg¯(0) = rank˜¯g(0). Note that
NI + 2NII = NBG (14)
with NI, NII and NBG the number of type-I and type-
II Nambu-Goldstone modes and the broken symmetries
is satisfied as reported in Refs.[5, 6]. The result is also
schematically shown in Fig.1. The total degrees of free-
dom of the system for Nambu-Goldstone modes read
NNG ≡
1
2
(dimG/H + rankg¯) . (15)
We emphasize that the number of Nambu-Goldstone
modes is essential for the Higgs mechanism as will be
clarified below: All of the type-I, type-II and massive
Nambu-Goldstone modes are “eaten” by gauge fields.
III. CONSTRAINTS ON THE EFFECTIVE
FIELD THEORY WITHOUT LORENTZ
INVARIANCE
The reduction of the number of Nambu-Goldstone
bosons is clarified by the Dirac-Bergmann theory of con-
straints. The effective Lagrangian without Lorentz in-
variance may be singular, which means that some of one
time-derivative of pion-fields cannot be expressed by the
canonical momenta of the pion fields. The canonical mo-
menta Pαpi are given by
P api ≡
∂Lpi
∂ ˙˜πa
=
1
2
ρabπ˜
b + g˜ab(0) ˙˜π
b =
1
2
ρabπ˜
b + F¯ 2a ˙˜π
a (16)
In the last equation, we do not take the summation
for a. If rankg˜(0) = dimG/H , all of ˙˜πa are replaced
by some functions of P api and π˜
a and there are no con-
straints. This situation corresponds to the case with-
out the vˆβ-sector in Eq.(8). Type-I Nambu-Goldstone
modes and type-II Nambu-Goldstone modes along with
the massive ones appear and Type-II Nambu-Goldstone
modes without the massive ones do not appear. On
the other hand, if g˜ab(0) = 0, none of ˙˜π
a can be ex-
pressed with P api and π˜
a and the number of constraints
is dimG/H . Thus the number of physical degrees of
freedom is 12 (2dimG/H − dimG/H) =
1
2dimG/H , cor-
responding to the case with the only vˆβ-sector in Eq.(8).
The type-II Nambu-Goldstone modes without the mas-
sive ones just appear.
Now we consider the general case of rankg˜(0) <
dimG/H and assume F¯β(i) = 0(i = 1, 2, β = 1, . . . , q)
according to the notation in Sec.II. In this case, 2q pri-
mary constraints appear:
φβ(i) = P
β(i)
pi −
1
2
ρβ(i)aπ˜
a. (17)
The total Hamiltonian for the effective Lagrangian
without Lorentz invariance is defined by
Hpi = ˙˜π
aP api − Lpi + λ
β(i)φβ(i)
=
1
2F¯ 2α(i)
{
P
α(i)
pi −
1
2
ρα(i)aπ˜
a
}2
+
1
2F¯2p+2q+γ
{
P 2p+2q+γpi
}2
+
1
2
F 2a∂rπ
a∂rπ
a + λβ(i)φβ(i)
≡ H0pi + λ
β(i)φβ(i) , (18)
where the summation for α(i), β(i), γ and a (i =
1, 2, α = 1, . . . , p, β = 1, . . . , q, γ = 1, . . . s and a =
1, . . . , dimG/H) are taken due to the notation given by
Sec.II. In this case, all of the Lagrange multipliers λβ(i)
are determined due to the Poisson bracket of primary
constraints, {
φβ(i) , φβ
′
(j)
}
P
= −ρβ(i)β′(j) , (19)
which means that these constraints are second class. Here
we used {π˜a(t,x), P bpi(t,y)}P ≡ δ
abδ3(x − y). The con-
sistent condition of the primary constraints for the time
evolution is given by{
φβ(i) ,
∫
d3xHpi
}
P
≈
{
φβ(i) ,
∫
d3xH0pi
}
P
− ρβ(i)β′(j)λ
β′(j)
≈ 0, (20)
4where “≈” is a weak equality, which means an equality
under constraint conditions. Particularly, “≈ 0” is called
weakly zero. We can determine all of the multipliers with
this equation.
Thus, the physical degrees of freedom are
1
2
{2× dimG/H − (dimG/H − rankg˜(0))}
=
1
2
(dimG/H + rankg˜(0)) = NNG, (21)
corresponding to the number of Nambu-Goldstone
modes. Note that the case of rank ρβ(i)β′(j) < 2q is more
complicated. In this case, some of λβ(i) are not deter-
mined with Eq.(20) and further works are needed.
IV. HIGGS MECHANISM WITHOUT
LORENTZ INVARIANCE
Next we give a general analysis of the Higgs mecha-
nism with the gauged nonrelativistic effective field the-
ory [7]. We consider a generic Higgs model composed of
the gauged nonrelativistic effective Lagrangian and the
kinetic term of gauge fields,
LT = L
(0,1)
pi + L
(2,0)
pi + L
(0,2)
pi + Lgauge, (22)
L(0,1)pi = ca(π)π˙
a + ei(π)f
i
0, (23)
L(2,0)pi = −
1
2
gab(π)∂rπ
a∂rπ
b + hai(π)f
i
r∂rπ
a −
1
2
kij(π)f
i
rf
j
r ,
(24)
L(0,2)pi =
1
2
g¯ab(π)π˙
aπ˙b − h¯ai(π)f
i
0π˙
a +
1
2
k¯ij(π)f
i
0f
j
0 ,
(25)
Lgauge = −
1
4
F iµνF
iµν , (26)
where f i0 and f
i
r(i = 1...dimG) are gauge fields for
time and spatial directions and F iµν is the field strength
F iµν ≡ ∂µf
i
ν−∂νf
i
µ+f
i
jkf
j
µf
k
ν with the structure constant
f ijk. The coefficients are related through the consistency
between the classical equation of the pion fields and the
Ward-Takahashi identities [7, 15]. We note that in addi-
tion to the relation in Refs. [7, 15], the condition between
kij(π) and h
a
i (π) is also obtained from the consistency,
hai (π)∂akjk(π) = f
i
jlklk(π). In particular
f ijlklk(0) = 0 (27)
for the index i corresponding to the unbroken symme-
try H . Using this model, we study the influence of
type-I, type-II and massive Nambu-Goldstone bosons on
Higgs phenomena. In particular, the physical degrees
of freedom are of interest in Higgs phenomena without
Lorentz invariance. In the case with Lorentz invariance,
the number of Nambu-Goldstone modes coincides with
that of pion fields πa and the number of “eaten” Nambu-
Goldstone modes by gauge fields is that of pion fields.
However, in the case without Lorentz invariance, the
number of pion fields and the Nambu-Goldstone modes
do not always coincide and hence it is not clear whether
the number of the “eaten” Nambu-Goldstone modes co-
incides with that of the pion fields or Nambu-Goldstone
modes. Furthermore, it is not clear at all whether the
type-II Nambu-Goldstone modes and massive Nambu-
Goldstone modes are absorbed or not.
To clarify the physical degrees of freedom of this sys-
tem, we adopt unitary gauge, πa = 0, where the pion
fields are absorbed by gauge fields and analyze the Hamil-
tonian on the basis of the theory of constrained systems.
The Lagrangian is reduced to
LT = ei(0)f
i
0 −
1
2
kij(0)f
i
rf
j
r +
1
2
k¯ij(0)f
i
0f
j
0 −
1
4
F iµνF
iµν .
(28)
From Eq.(28), we see that the Lagrangian is singular so
that we treat it as a constraint system where the method
of analysis was formulated by Dirac and Bergmann [16].
First we construct the Hamiltonian of the system. The
canonical momenta are
Πiµ = F iµ0. (29)
Πi0 = 0 is satisfied and thus the primary constraints
appear as in Yang-Mills theory:
φi ≡ Πi0. (30)
The total Hamiltonian is given by
HT = Π
ir f˙ ir − LT + λ
iφi
=
1
2
ΠirΠir +Πir
(
∂rf
i
0 + f
i
jkf
j
r f
k
0
)
− ei(0)f
i
0 +
1
2
kij(0)f
i
rf
j
r −
1
2
k¯ij(0)f
i
0f
j
0 +
1
4
F irsF
i
rs
+ λiφi, (31)
with λi Lagrange multipliers.
Next, the consistency of the primary constraints for
time evolution yields secondary constraints,
χ(1)i ≡
{
φi,
∫
d3xHT
}
P
≈ ∂rΠ
ir + f ijkf
j
rΠ
kr + ei(0) + k¯ij(0)f
j
0 . (32)
Here {. . . }P is the Poisson bracket given by
{f iµ(t,x),Π
νj(t,y)}P ≡ δ
ν
µδ
ijδ3(x − y) and ”≈” is
a weak equality, corresponding to an equality under
constraint conditions.
With the relation given in Refs. [7, 15], k¯ij(π) =
g¯ab(π)h
a
i (π)h
b
j(π), and Eqs. (5) and (6), we can write
as
k¯ij(0) =


F¯ 21
. . .
F¯ 22p+s
0
. . .
0


. (33)
5Note that rankk¯(0) = rankg¯(0) = 2p + s and the sector
with F¯ 2δ (δ = 1, ...2p, 2p+2q+1, ..., 2p+ 2q+ s) appears
due to the sector with two-time derivatives in the matrix
A [19].
In order to elucidate the consistency conditions for the
χ(1)i, we divide the indices to three parts:
X = {1, . . . , rankk¯},
Y1 = {rankk¯ + 1, . . . , dimG/H},
Y2 = {dimG/H + 1, . . . , dimG},
with rankk¯ ≡ rankk¯(0). Each of χ(1)i for i ∈ X and
i ∈ Y1 is related to the terms with and without two-time
derivatives in Eq. (4) due to k¯ab(0) = ˜¯gab(0). χ
(1)i for
i ∈ Y2 corresponds to the part of unbroken symmetry H .
In this classification, we can rewrite Eq.(32) as
χ(1)i =
{
∂rΠ
ir + f ijkf
j
rΠ
kr + ei(0) + F¯
2
i f
i
0, (i ∈ X)
∂rΠ
ir + f ijkf
j
rΠ
kr + ei(0). (i ∈ Y1 ∪ Y2)
(34)
In i ∈ X , the consistency conditions for χ(1)i are satisfied
by determining the Lagrange multiplier, and thus further
conditions are not required. In i ∈ Y1, on the other
hand, the consistency conditions for χ(1)i give further
constraints:
χ(2)i ≈ fkijek(0)f
j
0 − F
2
i ∂rf
i
r − F
2
k f
i
jkf
j
r f
k
r . (i ∈ Y1)
(35)
Here fkijek(0) = ρij , because ei(0) corresponds to the
expectation value of the charge density [6, 7], ei(0) =
〈0| j0i (x) |0〉. We note that if the first term is zero for some
i in this sector, both one-time and two-time derivative
terms for some πa disappear, because k¯ij(0) = ˜¯gij(0) = 0
in i ∈ Y1. Then the term should be nonzero and further
constraints in i ∈ Y1 are not required.
The consistency conditions for χ(1)i in i ∈ Y2 are
trivially satisfied by using Eqs.(6) and (27) as in Yang-
Mills theory, which indicates the existence of the remnant
gauge symmetry [17, 18],{
χ(1)i,
∫
d3xHT
}
P
≈ 0. (i ∈ Y2) (36)
From the above discussion, we obtain all of the con-
straints for the Lagrangian, Eq.(28). Furthermore we
classify these into “first-class ” and “second-class ” con-
straints. In the first-class constraints, all of Poisson
brackets with any constraints are weakly zero, while in
the second class ones, at least one of Poisson brackets is
not zero. By taking the linear combination of all of the
constraints and maximizing the number of the first-class
ones, we redefine these constraints.
Note that second-class constraints kill one physical de-
grees of freedom. On the other hand, first-class con-
straints are related to the gauge symmetry and need ad-
ditional constraints to fix it. Thus, the first-class ones
correspond to kill two physical degrees of freedom [16].
To classify the constraints, we calculate the Poisson
brackets:
{φi, φj}P ≈ 0 (i, j ∈ X ∪ Y1 ∪ Y2) , (37)
{χ(2)i, χ(2)j}P ≈ 0 (i, j ∈ Y1) , (38)
{χ(1)i, χ(1)j}P ≈ −{χ
(2)i, φj}P ≈
{
−ρij (i, j ∈ Y1)
0 (others)
,
(39)
{χ(1)i, φj}P ≈
{
F¯ 2i δ
ij (i, j ∈ X)
0 (others)
. (40)
In Eq.(39), we have used the Jacobi identity to derive the
first weak equality. Though {χ(1)i, χ(2)j}P are not equal
to 0 in general, these values do not affect the classification
scheme because these terms can be set to 0 with the
redefinition of χ(1)i by adding the linear combination of
the constraints χ(2)i and φ(1)i for i ∈ Y1. From Eqs.(37-
40), we conclude each type of constraints:
First class : φi, χ(1)i (i ∈ Y2) (41)
Second class : φi, χ(1)i, χ(2)j (i ∈ X ∪ Y1, j ∈ Y1). (42)
Thus we find that the number of the constraints is given
as follows:
First class : 2× dimH, (43)
Second class : 3× dimG/H − rankk¯. (44)
As a result, the physical degrees of freedom in the
Higgs system without Lorentz invariance are found to
be
1
2
{
2× 4× dimG− 4× dimH −
(
3× dimG/H− rankk¯
)}
=
1
2
(
dimG/H + rankk¯
)
+ 2× dimG
=
1
2
(dimG/H + rankg¯) + 2× dimG, (45)
where we used rankk¯ = rankg¯. Comparing Eqs. (45)
with (15), we conclude the degrees of freedom of the
gauge fields in this system coincide with those of the
Nambu-Goldstone bosons (the first term) and pure gauge
fields (the second term). Thus all of the Nambu-
Goldstone modes are absorbed by the gauge fields. This
notable fact implies that it is irrelevant for the degrees of
freedom in the Higgs system whether the system includes
type-I, type-II, or massive Nambu-Goldstone modes, but
the existence or non-existence of two-time derivative
terms are essential. Particularly in the system with one-
time derivative terms and without two-time derivative
terms, the absorbed Nambu-Goldstone modes are just
type-II Nambu-Goldstone modes, while in the system
with one-time and two-time derivative terms, those are
type-II and massive Nambu-Goldstone modes.
6V. EXAMPLES OF HIGGS MODELS WITHOUT
LORENTZ INVARIANCE
We give two examples of the Higgs systems without
Lorentz invariance: a gauged ferromagnet model and
SU(2) Higgs-Kibble model with the fixed length of the
Higgs field at finite chemical potential µ.
A. gauged ferromagnat system
In a ferromagnet system corresponding to the case
of G = O(3) and H =O(2), the effective Lagrangian
does not include the two-time derivative terms and thus
one type-II Nambu-Goldstone mode without the massive
ones appears [7, 20].
If the system is gauged, the Lagrangian is given by
L = −
1
4
FµνiF
µνi −
Σ
2
ǫαβπα∂0π
β +Σf30 +Σπ
αfα0
−
1
2
F 2∂rπ
α∂rπ
α − F 2ǫαβ∂rπ
αfβr −
1
2
F 2fαr f
α
r (46)
with α = 1, 2, i = 1, 2, 3. In unitary gauge, πα = 0, the
Lagrangian reduces to
L = −
1
4
FµνiF
µνi +Σf30 −
1
2
F 2fαr f
α
r . (47)
We count the absorbed degrees of freedom with the
Dirac-Bergmann theory of constraints. The canonical
momenta are given by Πiµ = F iµ0 and the primary con-
straints are given by φi = Πi0. The consistency condition
for the time evolution of the primary constraints are given
by
χ(1)α ≈ ∂rΠ
αr + ǫαβ
(
fβr Π
3r − f3rΠ
βr
)
χ(1)3 ≈ ∂rΠ
3r + ǫαβf
α
r Π
βr +Σ (48)
The consistency condition for χ(1)3 is trivially satisfied,
which is related to the remnant gauge symmetry O(2).
On the other hand, the consistency conditions for χ(1)α
appear:
χ(2)α ≈ ǫαβΣ f
β
0 − F
2∂rf
α
r + F
2ǫαβf
β
r f
3
r . (49)
Because of the first term, the consistency conditions for
χ(2)α are satisfied with the determination of the Lagrange
multiplier λα. Therefore all constraints are obtained.
Next, we classify these constraints into first-class and
second-class constraints. The Possion brackets between
these constraints are given as follows:
{χ(1)α, χ(1)β}P ≈ −{χ
(2)α, φβ}P ≈ −Σǫαβ, (50)
and other Possion brackets are zero except for
{χ(1)i, χ(2)α}P 6= 0. With the redefinition of {χ
(1)i by
taking the linear combination of φα, {χ(1)i, χ(2)α}P re-
duce to zero. Thus, the first-class constraints are φ3 and
χ(1)3 and the second-class constraints are φα, χ(1)α and
χ(2)α. The degrees of freedom absorbed by gauge fields
are
1
2
(4× 2× 3− 2× 2− 3× 2)− 2× 3 = 1, (51)
corresponding to the number of the Nambu-Goldstone
mode in this system. This also suggests that (1 + 2× 3)
degrees of freedom appear in the spectrum at least per-
turbatively.
B. SU(2) Higgs-Kibble model with the fixed length
at finite chemical potential
If SU(2) Higgs-Kibble model at finite chemical poten-
tial µ does not include gauge fields, the type-I, type-II
and massive Nambu-Goldstone modes appear and the re-
duction of degrees of freedom does not occur [12, 13]. By
fixing the radial degree of freedom for the scaler field cor-
responding to the Higgs field, the Lagrangian reduces to
the effective Lagrangian in the case of one- and two-time
derivatives characterized by G = SU(2) and H = 1.
Therefore SU(2) Higgs-Kibble model at finite chemical
potential µ without fluctuation of the Higgs field also
correspond to one of the model analyzed in Sec.IV. In this
case, the Lagrangian in unitary gauge may be expressed
just by the gauge fields,
L = µM2f30 +
1
2
M2f iµf
µi −
1
4
FµνiF
µνi (52)
with i = 1, 2, 3.
Now we consider the constraints of this system. The
primary constraints are given by φi = Πi0 and the con-
sistency condition for the time evolution of the primary
constraints are given by
χ(1)i ≈ ∂rΠ
ir + ǫijkf
j
rΠ
kr + µM2δi3 + F
2f i0. (53)
Note that the last term leads to the determination of the
Lagrange multiplier with the consistent condition for the
time evolution. This means that all of the constraints,φi
and χ(1)i, are second-class ones. Thus the number of
absorbed Nambu-Goldstone modes is
1
2
(4× 2× 3− 2× 3)− 2× 3 = 3, (54)
corresponding to the total number of type-I, type-II and
massive Nambu-Goldstone modes.
VI. SUMMARY AND CONCLUDING
REMARKS
In conclusion, we have first elucidated the influence
of two-time derivative terms in the effective Lagrangian
without Lorentz invariance on the counting rule for
Nambu-Goldstone bosons. In this case, type-I, type-II
and massive Nambu-Goldstone bosons may appear. In
7the systems with both one-time and two-time derivative
terms, type-II Nambu-Goldstone bosons are accompa-
nied by the massive bosons and the degrees of freedom
are not reduced, whereas in the system with one-time and
without two-time derivative terms, only type-II bosons
appear and the degrees of freedom are reduced. The
difference reflects in the Higgs phenomenon in a strik-
ing way. We have shown that the number of the eaten
physical degrees of freedom by the gauge fields does not
coincide with that of the broken symmetries, but that of
Nambu-Goldstone bosons, which suggests that these de-
grees of freedom appear in the spectrum. The schematic
illustration of our result is shown in Fig. 2.
For future directions, we clarify how gauge fields ac-
quire masses through the nonrelativistic Higgs mecha-
nism by studying the spectrum, which should be helpful
to identify the Higgs mechanism without Lorentz invari-
ance in experiment.
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FIG. 1: The counting rule for type-I, type-II and masive Nambu-Goldstone bosons
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FIG. 2: The relation between Nambu-Goldstone fields, type-I, type-II and massive Nambu-Goldstone bosons and “eaten”
physical degrees of freedom through the nonrelativistic Higgs mechanism.
